A Kubo formalism is used to calculate the electronic and optical conductivity of a graphene superlattice with Y-shaped kekulé bond texture, similar to that visualized in recent experiments. We show that new conduction channels between the valleys in graphene are opened by the kekulé distortion. This intervalley contribution to the electronic transport is not present in pristine graphene and here appears due to the folding of the Dirac cones K, K on top of each other. The contribution of intervalley transport to the conductivity of graphene, as well as the modification of the intravalley transport, are analyzed in detail for different frequency, temperature, chemical potential and scattering rate limits. We obtain analytical expressions for the conductivity that reproduce previous expressions used to fit experimental measurements in graphene and compare with direct numerical evaluations of the Kubo formula, finding great agreement. The optical absorption arising from intervalley transitions displays a maximum at a special frequency that can be tuned by doping. Our results show how the single parameter describing the valley coupling in this system could be obtained by measuring graphene's optical absorbance in the region where interband transitions are blocked by the impurities. Finally, we use Fermi's golden rule to independently verify some of the previous results.
I. INTRODUCTION
Recently, a kekulé bond order was found in experimental studies of graphene sheets grown epitaxially on copper substrates [1] . Later on, a valley-momentum locking was predicted for this system, leading to the emergence of two species of massless Dirac fermions and the removal of degeneracies in the field-dependent Landau levels [2] . Afterwards, it was proved that such system provides a potential research platform for strain-controlled valleytronics [3] . For kekulé bond order graphene bilayers, multiflavor Dirac fermions were predicted to exist [4] . Also, kekulé distortion is one of the suggested mechanisms behind the superconducting behavior in magic angle twisted graphene over graphene [5, 6] . Its experimental realization is also investigated in other kinds of non-atomic systems, as for example in acoustical lattices, where it is possible to produce topological Majorana modes [7] . Needless to say, "artificial" kekulé ordering can be produced in polaronic [8] , photonic [9] and atomic systems [10] .
It is important to remark that kekulé bond order is among one of the most interesting phases resulting from strain in the system [11] , showing great promise for applications in the next generation of nanoelectronics [12] [13] [14] . In general, strain leads to tunable topological quantum phase transitions [15, 16] and new interesting topological phase diagrams produced by time-dependent strain fields [17, 18] . In fact, one of the first models in which topological phases were observed is the Su-Schrieffer-Heeger * naumis@fisica.unam.mx model, originally developed to study bond-ordering in polyethylene [19] . Recently, time-dependent bond ordering has been found to produce interesting topological effects in the Su-Schrieffer-Heeger model [20] .
Here we study the consequences of the valleymomentum locking on the electronic transport properties of kekulé-distorted graphene using the low-energy Hamiltonian obtained by Gamayun et al. [2] . We concentrate on the Kek-Y phase, in which the Dirac cones K, K fold on top of each other leading to two species Dirac massless fermions with different velocities (see Fig. 1 ).
The corresponding low-energy Hamiltonian is given by the following 4 × 4 matrix [2] ,
where∆ is a coupling amplitude introduced by the bonddensity wave that describes the kekulé textures and σ = (σ x , σ y ) is the set of Pauli matrices. The Kek-Y texture can be described by Q χ = v 0 (χp x − ip y )σ 0 and |χ| = 1, where σ 0 is the identity. For simplicity we consider a real∆ = ∆ 0 and χ = 1, as a complex∆ and χ = −1 are equivalent upon an unitary transformation [2] . Furthermore, in what follows we will write all the energies in units of and define the scaled momentum ξ = v 0 k. These considerations lead to the Hamiltonian, 
with τ = (τ x , τ y ) defining a second pair of Pauli matrices and τ 0 the unitary matrix.
As shown in Fig. 1 , the kekulé distortion folds the K and K valleys in graphene into the Γ point of the superlattice Brillouin zone, resulting in a "fast" cone with Fermi velocity v 0 (1 + ∆ 0 ) and a "slow" cone with Fermi velocity v 0 (1 − ∆ 0 ). We label these cones as F and S, respectively.
The aim of this paper is to study the electronic and optical conductivity that results from the Hamiltonian given by Eq. (1). The layout is the following, in sec. II we compute the conductivity using a Kubo formalism while in sec. III a discussion is presented concerning the different physical limits of frequency, temperature, scattering rate and chemical potential. A detailed analysis of the different conduction channels is also presented. Finally, the last section is devoted to the conclusions.
II. CONDUCTIVITY OF KEK-Y DISTORTED GRAPHENE
To calculate the conductivity resulting from the Hamiltonian given by Eq. (1), we need to find its spectrum and eigenfunctions. The four eigenvalues of H are given by
where α, α = ±1 and ξ = ξ 2 x + ξ 2 y . The F cone is described by the dispersion E = ±(1+∆ 0 )ξ and the S cone is described by E = ±(1 − ∆ 0 )ξ. Here, by "intervalley transition" we shall mean a transition that implies change in the electron's velocity, from v 0 (1 + ∆ 0 ) to v 0 (1 − ∆ 0 ), or vice versa. The eigenvectors are, where |Ψ α are the eigenvectors for pristine graphene. More explicitly, defining θ = tan −1 ξ y /ξ x , the eigenvectors can be written as,
We now proceed to find the conductivity. In the Kubo formalism, the real part of the diagonal conductivity is given by [21, 22] ,
where r ν is the position operator in the ν = x, y direction, f β ( ) = 1/[1 + exp(β )] is the Fermi distribution with β = 1/k B T , T being the temperature and δ(x) is the Dirac delta function of x.
After changing → − ω/2 and defining ± = ± ω/2 we can write
where we have expressed the trace in Eq. (8) as
obtained by using the Fourier transform of the current operators −ie[H, r ν ] → ev 0 (∂H/∂ξ ν ) and defining the operators
. In what follows we take ν = y and simply write the diagonal conductivity σ yy as σ, then, from Eq. (3),
In order to evaluate Eq. (9) we rewrite the current operator in the representation of energy eigenstates |Ψ α,α ,
where
so
A scattering rate η can be introduced by considering soft Dirac delta functions δ η (x) in the definitions of the operators Λ ± given by [21] δ
The parameter η can be interpreted as the imaginary part of the self energy introduced by disorder. Thus, Eq. (9) can be written as
with the indexes α, α , β, β = ±1. The different terms in Eq. (15) are related to the different types of possible electronic transitions. For example, transitions between the lower band of the S cone and the upper band of the F cone, represented as S − ↔ F + (or equivalently as |Ψ −,+ ↔ |Ψ +,+ ), are accounted for by the two terms in Eq. (9) that contain both vectors |Ψ −,+ and |Ψ +,+ . We denote those terms as 
and do similarly for all of the other terms in Eq. (15). To give a clear physical picture of all these kind of processes, in Figs. 2 and 3 we show a sketch of all the different types of intervalley and intravalley transitions. Next we solve Eq. (16) by using polar coordinates d 2 ξ → ξdξdθ and defining the energy cutoff by λ. After the angular integration one has
Considering that η and ∆ 0 are both small parameters, we further approximate η∆ 0 → 0 so we can write, after substituting the energy eigenvalues,
Treating the trace terms for all types of transitions in a similar way and adding the results gives (see Appendix)
where 19) is related to horizontal transitions S ± ↔ F ± and S ∓ ↔ F ± shown in Figs. 2 and 3. This term is of higher order in η and its contribution to the dynamical conductivity is negligible. However, in some of the minimal conductivities it adds a term of the order ∆ 2 0 e 2 /h (see III F).
We first obtain the interband conductivity σ inter by assuming ω < 2λ and substituting the first two terms of T ( ) in Eq. (8) and multiplying by a factor of 2 in order to take spin degeneracy into account. This leads to
As expected, for the case of ∆ 0 = 0 this expression reduces to the interband conductivity of pristine graphene found in Refs. [21, [23] [24] [25] [26] .
On the other hand, the intraband conductivity σ intra is obtained by substituting the third term of Eq. (19) into Eq. (8) and similarly taking spin degeneracy into account. Assuming ω < 2λ,
Lastly, the fourth term in T ( ) gives
which is the component of the conductivity that describes vertical (or optical) intervalley transitions S + ↔ F + and S − ↔ F − (see Fig. 2 ).
III. DISCUSSION
This section is divided in several subsections in which we discuss each kind of channel, including plots of each contribution to the conductivity. We will also include a study of the diverse physical limits imposed to the conductivity.
Before going into such details, let us study first the total conductivity σ = σ inter +σ intra +σ Y . At this point, it is worthwhile mentioning that in order to test the accuracy of the approximations used to obtain the analytical expressions in Eqs. (20) (21) (22) , we also performed a direct and independent numerical evaluation. Therefore, in Fig.  4 we present the typical behavior of σ for different values of ∆ 0 , in this case by using a constant scattering rate of βη = 5 × 10 −2 . The symbols in Fig. 4 were obtained from a direct numerical calculation using Eqs. (8) and (15) and a mesh in k-space. The curves were obtained using the analytical expressions for different values of the coupling amplitude ∆ 0 .
An excellent agreement between the analytical and numerical results for values of βη < 10 −1 is obtained. At room temperature, this corresponds to scattering rates η with values up to tens of meV (in units of ), which is the typical range reported for graphene samples [23] . For higher values of βη, we find that σ inter starts to decrease upon increasing scattering rate.
We can distinguish in Fig. 4 a general overall behavior. For a fixed temperature and at a high frequency, the almost flat-frequency response behaviour of pristine graphene is recovered. However, the conductivity is reduced by the kekulé ordering as it introduces scattering. As expected for the low-frequency region, a universal Drude-peak due to disorder scattering is observed. In the crossover region between both limits, the conductivity's shape depends a lot upon disorder, temperature, frequency, chemical potential and kekulé ordering. This requires a careful understanding of each contribution as detailed in the following subsections. Before going further, we point out that the low-energy dispersion used here [Eq. (4)] remains valid for high values of the coupling parameter ∆ 0 upon a simple renormalization of the velocities v 0 (1 ± ∆ 0 ). Here, this renormalization can be done straightforwardly by substituting ∆ 0 → ∆ 0 = ρ − /ρ + in all of our results, with ρ − and ρ + defined as in Ref. [2] . 8). The values for ∆0 were chosen so to have a better visualization. Realistic values are expected to be lower than the ones shown here.
A. Interband conductivity
Plots of σ inter are shown in Fig. 5 for different values of ∆ 0 . In this figure we compare the analytical expressions with direct numerical evaluations of Eqs. (8) and (15) . All the conductivities are plotted in units of g s e 2 /h, with g s = 2 the spin degeneracy. A decrease in σ inter is found with increasing ∆ 0 . A sketch explaining this behavior is shown in Fig. 6 . In pristine graphene (∆ 0 = 0), for values of βω/4 1 the states that can participate in interband transitions (those satisfying E f (k) − E i (k) = ω) lie in the partially-filled energy region, which can be roughly defined by 0.1 f β ( ) 0.9, where less states are available for transitions. Therefore, the interband conductivity drops to zero as βω decreases (the factor f β ( + )−f β ( − ) in Eq. (8) takes lower values). In kekulé-patterned graphene (∆ 0 > 0), the energy of the states that can participate in interband transitions shifts, leading this effect to occur in a wider range of βω. This reduction of σ inter due to the interplay between temperature and an energy shift in the interband transitions is similar to that reported recently for anisotropic tilted Dirac semimetals [27] .
B. Intraband conductivity
The intraband conductivity σ intra is the Drude peak known to be present in graphene's conductivity for low photon frequencies [23, [28] [29] [30] [31] where intraband transitions become important.
Our results for σ intra reproduce the Drude contribu-tion used to fit experimental measurements in Ref. [23] with a phenomenological scattering rate given by Γ = 2η. This important feature was not obtained in a similar treatment of the Kubo conductivity for graphene in Ref. [21] , where the same Eqs. (8) and (15) were solved. The reason is that that they were interested in the highfrequency region and thus different approximations were made. Therefore, the low-frequency conductivity did not reproduce the Lorentzian behavior. In Fig. 7 we plot σ intra comparing the analytical expression in Eq. (21) with the numerical evaluation for different values of βη.
C. Intervalley conductivity σY
This component is plotted in Fig. 8 . It is zero for the case of pristine graphene and grows in amplitude as ∆ 0 increases. For small values of ∆ 0 and βη, it displays a maximum around βω ≈ π∆ 0 . The dependence of σ Y as a function of βω can be understood with arguments similar to those used for σ inter . The transitions in this case, however, involve both the upper bands (S + ↔ F + ) or the lower bands (S − ↔ F − ). Furthermore, the introduction of a chemical potential βµ = 0 can shift this transitions in frequency and amplitude, as we discuss below.
D. Tuning σY with a chemical potential µ
To take into account the effect of a finite doping, a chemical potential can be easily introduced through the Fermi-Dirac distributions f β in Eq. (8) . This is an important factor, as graphene samples under normal conditions tend to present spontaneous doping [23] . The generalization of each component of the conductivity for a finite µ results in, σ inter = πe 2 4h sinh(βω/2) cosh(βω/2) + cosh(∆ 0 βω/2 + βµ)
σ intra = 2e 2 h ln[2 + 2 cosh(βµ)] 2βη (βω) 2 + (2βη) 2 (25) As expected, the effect of having βµ = 0 in σ inter is essentially to block transitions for βω < 2βµ, while leaving the behavior for βω > 2βµ practically unchanged. For σ Y , the effect of a finite chemical potential is more interesting. A plot of σ Y for different values of βµ is shown in Fig. 9 . It can be seen that the amplitude, as well as the position of the maximum increase with βµ. The maximum is located around βω ≈ π∆ 0 + π∆ 0 βµ/2. As we show in Fig. 10 , states far below βµ are all fully occupied and states far above βµ are all empty, therefore, the energy of the states that can participate in S + ↔ F + (or S − ↔ F − ) transitions moves together with βµ. A larger value of βµ implies these transitions occurring at higher energies, where the density of states is larger (which leads to larger amplitudes of σ Y ) and where there is a larger separation between the cones (which leads to the transitions occurring at higher frequencies). Lastly, σ intra also increases in amplitude with βµ because the states avail- able for scattering are located at higher energies (around βµ), where the density of states is larger. For a high enough chemical potential, the maximum of σ Y will be located in the region where σ inter is zero due to Pauli blocking, making it possible to measure σ Y alone in a wide range of frequencies. 0 can be further verified by using Fermi's golden rule. First, the electric field E is introduced as a perturbation δH to the Hamiltonian in Eq. (3) through the minimal coupling:
where σ = v 0 σ/ , τ = v 0 τ / , p = k and ∂A/∂t = −cE. Therefore the perturbation is given by [32] 
Then, according to Fermi's golden rule, the transition probability is proportional to Ψ +,− |δH|Ψ −,+ for the S − ↔ S + transitions and to Ψ +,+ |δH|Ψ −,− for the F − ↔ F + transitions. Using the orthogonality of the eigenvector basis it can be verified that these amplitudes are equal to zero. This can be understood by considering the chirality of the S and F cones. When ∆ 0 > 0, the S and F cones inherit the chirality of the K and K valleys in non-distorted graphene, in such a way that the S cone is completely chiral and the F cone is completely anti-chiral. The transitions S − ↔ S + and F − ↔ F + transitions are thus forbidden.
F. Minimal conductivities
As is well known, in graphene and other Dirac materials the Kubo formula leads to multiple minimal conductivities when temperature, frequency and scattering limits are taken in different orders [21, 23, 27] . We calculate first the zero temperature limits. When β → ∞, Eq. 
σ min 2 ≈ π e 2 h 1 + 1 2 ∆ 2 0 , for η ≈ ω.
One more value is obtained if we first take the limit ω → 0 in Eq. (1 + ∆ 2 0 ) (31) If we now consider a temperature and frequency dependence, for the expressions in Eqs. (20) (21) (22) we get σ ≈ 2e 2 h ln 2/βη for βω ∼ 0, π/4 + 4 ln 2βη/(βω) 2 for βω ∼ ∞.
These last expressions do not depend on the coupling amplitude ∆ 0 .
IV. CONCLUSIONS
We have obtained analytical expressions for the electronic and optical conductivities of the recently seen kekul-patterned graphene superlattices [1] , for which a momentum-valley coupling was predicted [2] . Our results take into consideration the dependence on frequency, temperature, disorder and chemical potential. When compared with pristine graphene, new terms to the conductivity were found, as a result of the opening of intervalley channels that are not present in non-distorted graphene. The transitions involved are predicted to be tunable in frequency and amplitude by the chemical potential. Direct numerical calculations were also performed and compared. Our analytical results correctly reduce to that of graphene in the appropriate limits. The results show that for a fixed temperature and at lowfrequencies, the conductivity presents the same Drude peak as in graphene while in the high-frequency limit, there is an asymptote towards the flat behavior, as also seen in graphene. The cross-over region presents an interesting interplay between the kekulé ordering, disorder, temperature and chemical potential. Finally, we also provided the minimal conductivities in the different physical limits concerning such parameters.
